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Abstract-A continuum meehanics approach is utilized herein to develop a model for predicting the
thcrmomechanical constitution of initiully clastic composites subjected to both monotonic and
cyclic fatigue loading. In this model the damage is characterized by a set of second-order tensor
valued internal state variables representing locally averaged measures ofspecific damage states such
as matrix cracks, tiber-matrix debonding, interlaminar crdcking. or any other damage state. Locally
averaged history dependent constitutive equations are constructed utilizing constraints imposed
from thermodynamics with internal state variables. In Part I the thermodynamics with internal state
variables was constructed and it was shown that suitable definitions of the locally averaged field
variables led to useful thermodynamic constraints on a local scale containing statistically homo­
geneous damage. Based on this result the Helmholtz free energy was then expanded in a Taylor
series in terms of strain. temperature. and the internal state variables to obtain the stress-strain
relation for composites with damage. In Part II. the three-dimensional tensor equations from Part
I are simplified using symmetry constraints. After introducing engineering notation and expressing
the constitutive equations in the standard laminate coordinate system, a specialized constitutive
model is developed for the case of matrix cracks only. The potential of the model to predict
degradation of effective stiffness components is demonstrated by solving the problem of transverse
matrix cracks in the 90° layer of several crossply laminates. To solve the example problems. the
undamaged moduli are determined from experimental data. The internal state variable for matrix
cracking is then related to the strain energy release rate due to cracking by utilizing linear elastic
fracture mechanics. These values are then utilized as input to a modified laminate analysis scheme
to predict effective stiffnesses in a variety of crossply laminates. The values of effective (damage
degraded) stiffnesses predicted by the constitutive model are in agreement with experimental results.
The agreement obtained in these example problems. while limited to transverse matrix cracks only,
demonstrates the potential of the constitutive model to predict degraded stiffnesses.

INTRODUCTION

In Part I it was hypothesized that damage can be modeled by a set of second-order tensor
valued internal state variables (ISVs) which represent locally averaged measures ofcracking
on a scale assumed to be small compared to the boundary value problem of interest.
Continuum mechanics[l] was then utilized to construct stress-strain relations in which all
components of the degraded modulus tensor can be determined for a given damage state.
The intent of Part II is to apply this damage model to the analysis of continuous fiber­
reinforced laminated composites. The current paper seeks only to predict axial stiffness as
a function of a known damage state. It therefore represents an application only of the
stress-strain relations. The all-important ISV growth laws are the subject of ongoing
research. Furthermore, as a long range research goal, it is hoped that the characterization
of the ISVs for damage will lead to the development of a model for structural failure in
terms of the internal state within any local volume in a typical structural component.

Considerable experimental research has been performed in the last decade detailing the
growth of damage in laminated composites under both monotonic and cyclic loading
conditions[2-8]. The significance of this damage lies in the fact that numerous global
material properties such as stiffness, damping and residual strength may be substantially
altered during the life of the component. It has been found that the first phase of fatigue is
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typified by devclopmcnt of a characlcristic damagc slatc (CDS) [9] which is composed
primarily of matrix cracking in off-axis plies. During the second phase of damage de­
velopment the CDS contributes to fiber-matrix debonding, delamination, and fiber
microbuckling. These phenomena in turn contribute to a tertiary damage phase in which
edge delamination and fiber fracture lead to ultimate failure of the specimen[6].

Analytical modeling of stiffness loss in laminated composites with damage appears to
be only recently studied. The earliest attempts fall under the general heading ofply discount
methods, in which various phenomenological models have been developed to discount ply
properties in the presence ofdamage[ I0-12]. Axial stiffness reduction and stress distribution
in the CDS have also been predicted using a one-dimensional shear lag concept[5].
Kachanoy's modulus reduction technique[13] has also been applied to fibrous composites[14]
and although promising results were obtained, the model was utilized in uniaxial form only.

Similarly, very little research has been performed to develop ISV growth laws modeling
the evolution of damage in laminated composites as a function of load history. Although
extended forms of Miner's rule[15] have been proposed for life prediction[16, 17], they are
based on simplified microphysical models at this time.

A complex interactive experiment and analysis model (called a mechanistic model) has
been proposed[18] for prediction of life of damaged composites. The mechanistic model
appears to require numerous experimental results for each geometric layup in order to
determine which damage mode results in failure.

Perhaps the most significant attempts to model damage in laminated composites are
contained in Refs [19-23]. The first two of these use analytical methods to model a medium
with oriented cracks and thus fall under the heading of microphysical techniques. The first
of these two uses variational principles to obtain effective moduli for linear elastic cracked
plies[19]. The second uses the self-consistent scheme to predict stiffness loss in a single ply
as a function of surface area of matrix cracks[20]. It has not, to these authors knowledge,
been applied to general laminate analysis. Furthermore, to our knowledge no analytic
microphysical technique has yet been developed for predicting stiffness loss in laminated
composites when damage modes other than matrix cracking occur.

As stated in Part I, the current model is phenomenological in the sense that the local
volume element is modeled experimentally. Another phenomenological model has been
proposed in the literature for laminated composites[21-23], and this model has significantly
influenced the current model development. Nevertheless, there exist significant differences
between these two phenomenological models. The most significant difference is that the
damage ISV in Talreja's model is a vector, whereas that proposed herein is a second-order
tensor. Support for the second-order tensorial nature of the ISV has been supplied in Ref.
[24]. Recently, Talreja has modified his ISV description somewhat to include second-order
tensors[25]. Furthermore, the vector-valued model appears at this time to be laminate
specific. Although both models have been applied to the combined modes of matrix cracking
and internal delamination[26, 27], these attempts must be considered embryonic at this
time. It is our contention that both models warrant further study, especially in anisotropic
media.

The literature review cited above and in Part I indicates that although substantial
progress has been made in damage modeling, the principal results to date deal only with
isotropic homogeneous media. It is the contentiqn of these authors that the material
heterogeneity and layered orthotropy encountered in laminated composites requires that a
more advanced model be developed for these media. The tensorial nature of the damage
ISVs proposed in Part I may provide this capability.

In this paper the general constitutive model developed in Part I is specialized for the
single damage mode of matrix cracking in the 900 plies of crossply laminates. Properties of
a single lamina with known damage are utilized to specify the value of the ISV as a function
of damage state. This expression for the matrix crack ISV is then used to predict the
damage-degraded axial stiffness of crossply laminates with a variety of stacking sequences.
The validity of the constitutive model formulation is verified by comparing the predicted
values of stiffness to experimentally measured values for other stacking sequences, thus
demonstrating that at least for this case the model is independent of stacking sequence.
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Fig. 1. Transverse matrix cracking in a single ply.

SIMPLIFICATION OF THE MODEL

We now consider the stress-strain relation described in eqns (42)-(45) of Part I (see
Appendix A). For the examples to be considered herein, it is assumed that all residual stress
components are zero (a~ij = 0), and that there are no tempeature changes (ATL = 0).

Reduction to single-index notation
By incorporating the symmetry of the stress and strain tensors, the quadratic depen­

dence of the Helmholtz free energy on strain, and the Voigt single index notation[28], the
constitutive equations reduce to (see Appendix A)

(I)

Although we have dropped the subscript L, all quantities in eqn (I) represent locally
averaged measures. The subscripts i andj range from I to 6, the subscript k ranges from I
to 9, and the superscript fI ranges from 1 to N, the number of damage modes.

At this point, further reductions can be made to the number of unknown constants in
eqn (I) only by specifying the material symmetry and specific damage modes of interest.

Material symmetry constraints
Material symmetries may now be utilized to further simplify the constitutive equations.

The material in question is assumed to be initially transversely isotropic in the undamaged
state on the local scale, where the plane of isotropy is the X2-X3 plane shown in Fig. I. In
the undamaged state the modulus tensor Cij is given by[29]

CII C I2 C12 0 0 0
C I2 Cn C23 0 0 0
C 12 C23 C22 0 0 0

[C] = 0 0 0 C"" 0 0
(2)

0 0 0 0 Css 0
0 0 0 0 0 Css

where C"" = 2(C22 -C23).

It is assumed that the crack induces orthotropy in three planes: the plane of the crack.
the plane in which the crack opening displacement uC and crack normal DC lie, and a third
plane which is orthogonal to the first two. Therefore, the damage tensor, I ~ is an orthotropic
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Fig. 2. Matrix cracking in a laminated continuous fiber composite.

tensor containing 15 unknown constants in the coordinates described by the crack geometry
(see Appendix B), given by

II I 1: 2 113 0 0 0 0 0 0

IL n2 IL 0 0 0 0 0 0

[II] =
IL !j2 IL 0 0 0 0 0 0
0 0 0 I~4 I~5 0 0 0 0

(3)

0 0 0 0 0 1;6 1;7 0 0

0 0 0 0 0 0 0 ns n9
Thus, the complete constitutive equation, eqn (I) (assuming the damage growth law

is known) requires the determination of5 independent material constants for the undamaged
modulus tensor CUj , and 15 independent constants for the damage tensor, I~. It should be
noted, however, that the planes of these symmetries will not coincide unless the crack
displacement U

C is oriented parallel to the XI"' X2-, or x3-axis in ply coordinates.

Application to matrix cracking in continuous fiber laminates
As discussed in the introduction, the capability of the constitutive model will be dem­

onstrated by considering the case of matrix cracking in continuous fiber laminated
composites. An example of this damage state is shown schematically in Fig. 2. In order to
apply the proposed constitutive model to this system we first examine the response of a
single ply subjected to transverse matrix cracking, as previously shown in Fig. I. Assuming
that the crack geometry is symmetric about normals to each of the ply coordinates, the
internal state variable associated with matrix cracking is represented in ply coordinates by

[lXn = [0 IX~ 0 0 1X1 0 0 IX~ 0] (4)

where the single subscript notation is defined by eqns (A7). This implies that the crack
normal nC in a single ply is parallel to the local X2 coordinate. Furthermore, the crack­
opening displacement, nC, may contain three components.

Note that a second-order tensor representation of the internal state variable may be
insufficient if the crack displacement uC or normal nC rotates during the load history. In this
case a higher order tensor may be required[30]. However, since the crack is matrix dominated
and constrained by fibers, time-dependent rotation is assumed to be negligible and the
second-order tensorial representation is considered adequate in the current model. Recent
experimental evidence[3l] indicates that cracks do indeed change planes sometimes in multi­
ply laminates with several adjacent crossplies at the same orientation. However, the crack
plane is essentially straight in each ply, the level at which the local volume is constructed
for matrix cracks.
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For the single damage mode of matrix cracking described in Fig. 2, eqn (I) reduces to

(5)

For relatively thin laminates it is useful to apply the conditions of generalized plane
stress where the out-of-plane shear stresses (f 4 and (f 5 are neglected. Applying these conditions
to eqn (5), imposing the symmetry constraints described in eqns (2) and (3), and using
matrix notation results in

r} r
c

"

CI2 CJ2

~ ]F} + [I'](a'}
(f2 = C I2 C22 C23 (6)
(fJ C I2 C23 ClJ

(ft> 0 0 0 CM! CO

where

ro I:' ° 0 0 0 0
0

n[II] = 0 n2 0 0 0 0 0 0
(7)

o n2 0 0 0 0 0 0

o 0 0 000 0 ns
Note that the fifth column of the coefficient matrix in eqn (5) is zero due to the fact that
(X~ does not contribute to the in-plane stresses in the generalized plane stress reduction.
Furthermore, note that I: 2, I ~2 and 112 are the coefficients of the effect of loss of stiffness
on the normal stresses (flo (f2 and (f3, respectively. Finally, note that l~s is the coefficient
determining the influence ofstiffness loss on the in-plane shear stress (16' It is apparent from
the above equations that for generalized plane stress conditions there are ten unknown
material constants to be determined for the case of matrix cracking.

Determination of the I matrix
Theoretically it is possible to determine the I matrix directly from experimental data.

This may be accomplished by subjecting test coupons to prescribed deformation histories,
removing the deformations, and nondestructively evaluating the damage state. The residual
stresses will determine the I matrix. However, in graphite/epoxy laminates this procedure
breaks down due to the fact that although the crack surfaces may be determined non­
destructively using X-rays and edge replicas, the crack opening displacements cannot be
accurately determined experimentally. Therefore, an alternative approach is used herein to
evaluate the I matrix.

As described in Appendix C, for the case considered in this paper, at least to a first
approximation, it can be shown that

112 = -C 12

n2 = -C23

n2 = -C22

I~s = - C60 '

(8)

Therefore, the number of unknown material constants is reduced to a total of six for
the case considered herein.

Laminate equations
In order to utilize single lamina equations to characterize the response ofmultilayered

laminates, it is necessary to globally average the local play constitutive equations. This is
accomplished herein by imposing the Kirchhoff hypothesis for thin plates[31]. However,
higher order plate or shell theories could be utilized also. Generalized plane strain conditions
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are imposed rather than plane strain because this is consistent with the stress state in eqn
(6) (a detailed description of the global averaging is given in Appendix D). The resulting
equations are as follows:

{N} = [A]{cO}+ {D} (9)

or

{CO} = [A-1]({N}-{D}) (10)

where

"
Aij == L (Cij)k1k (11)

k= 1

and

"
[D] == L lk[ll]dal}k (12)

k=1

[JI]k and {ath are in laminate coordinates as defined in Appendix E, and {CO} contains the
laminate midplane strains. Furthermore, k specifies the ply and lk is the ply thickness. For
convenience, we have assumed that no moments are produced by the damage (in the absence
of curvature), which is assumed to hold for symmetric laminates.

In order to determine the effective stiffness for any damage state, we evaluate the rate
of change of {N} with respect to the midsurface strains {eO} during unloading, that is

" 9
S;m = oNdoeJ = Ajj + L L tk(LjMoaj!oe~)k

k-I j-I

(13)

where S;". is defined to be the effective stiffness. Experimental work on graphite/epoxy
laminates has shown that S'I I is very nearly a constant during unloading, implying that, at
least as a first approximation for crossply laminates

k = I, .. . ,n. (14)

THE INTERNAL STATE VARIABLE FOR MATRIX CRACK DAMAGE

Equation (41) in Part 1[1] gave the second-order Taylor series expansion of the local
energy per unit volume due to cracking, uL in terms of strain, eLij, temperature AT, and
the internal state variable (ISV), IXLj • For demonstration purposes, the predictions of this
paper are being confined to symmetric cross-ply laminates loaded in uniaxial tension with
matrix cracks extending straight through the 90° plies. For this case, IX~ is the only com­
ponent of the ISV of interest and is defined (in the ply coordinate system) as

(15)

where U2 is the crack-opening displacement, VL is the local element volume and S2 is the
surface area of matrix cracks. Furthermore, we will consider only the case of load-up in
the fixed grip mode where matrix crack extension occurs at constant strain. Therefore, if
the higher order terms in the Taylor series expansion are neglected, the local energy due to
cracking reduces to
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UL = (A +I ~2&2)a:~ (16)

where A is a constant. Since eqn (16) applies to load-up in the fixed grip mode, cx1 can be
related to the strain energy release rate, Gm, for matrix cracking by noting that UL is related
to Gm as follows:

I fS2
(/l

uL(t) = - V
L

Gm dS (17)

where it is assumed that the initial matrix crack surface area is zero and Sz{t) is the surface
area at time t. If we make the assumption that the energy stored due to residual damage is
negligible, then the constant A in eqn (16) is zero, and equating eqns (16) and (17) yields

(18)

for stable crack growth. In order to properly account for crack interaction an expression
for Gm will be determined experimentally.

The strain energy release rate due to matrix cracking may be defined as

au
G =--

III as (19)

where S denotes matrix crack surface area and U is the strain energy of the laminate.
As a first approximation we will assume that all the strain energy released during

matrix crack formation occurs in the 90° layer containing the cracks. The strain energy in
a 90° layer is defined by

(20)

for a uniform applied strain, G2' in an elastic material. Assuming the applied strain to be
constant for the fixed grip condition, substituting eqn (20) into eqn (19) results in

(21)

This implies that the effective modulus of the 90° layer changes due to matrix crack
formation. It is noted that eqn (21) is similar to the expression for strain energy release rate
written in terms of test specimen compliance.

The rule ofmixtures yields the following expression for the loading direction modulus
of a cross-ply laminate:

Ex = pE11 +qE22

p+q (22)

where p is the number of 0° plies and q is the number of 90° plies. Assuming that matrix
cracks are confined to the 90° plies

(23)

Substituting eqn (23) into eqn (21) gives

SAS 23: 9-1
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(24)

If the right-hand side of eqn (24) is determined experimentally from a laminate that has a
90' layer that is one ply thick, the resulting strain energy release rate can be utilized for
other layups by observing that the strain energy release rate for a ply in a layer that is n
plies thick is given by (see Appendix F)

(25)

where VL is the volume of a single ply. Equation (25) can now be substituted into eqn (18)
to obtain the expression for the ISV of a single 900 ply for matrix crack extension during
load-up. The resulting equation is

The integral term in eqn (26) can be evaluated as follows:

is ,(I) fJE . iE
."

as' dS =, dE" == E, I -Eli)
o f..\o

(26)

(27)

where Exo is the undamaged elastic modulus and E,. I is the degraded modulus corresponding
to damage state 8 2(1,). Substituting eqn (27) into eqn (26) and rearranging, the ISV for
load-up is expressed as

(28)

Although it is possible for matrix crack surface area to increase during unloading, in the
current development this effect is assumed to be negligible. Therefore, on unloading a~

depends only on the crack-closure displacement, U2 in eqn (15), and would go to zero on
complete crack closure. Assuming that the crack-closure displacement is linear with strain
and the matrix crack surface area is constant, eqn (15) can be rewritten as

a ~ Iunloading = C£ 2 (29)

where c is a constant of proportionality,
The constants in eqns (28) and (29) must be determined from experimental data.

Considering a tensile test with a load and unloading cycle, at the instant of load reversal
the expressions for the ISV for load-up and unloading must be equal. Therefore, setting
eqn (28) equal to eqn (29) and rearranging, gives the following relationship:

I - ~ n(p+q) E,,) (Ex, l -I)c S,(t,) - I .
2 q 122 Exo S,(I,)

(30)

It sho\Jld be noted that all matrix cracking information is contained in the term Ex ,/E,o.
Since eqn (30) applies only to a single 900 ply, EXI was determined from the experimental
results of the [0/90/01, laminate. The following expression was obtained from a least squares
curve fit to the experimental values of Exi/Exo vs S2:

(31)
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Table l. Material properties for Hercules AS4/3502

Lamina properties

Longitudinal modulus
Transverse modulus
Shear modulus
Poisson's ratio
Longitudinal strength
Transverse strength
Long. failure strain
Tran. failure strain

....•
~
;fj 0.96..
'U•..
;j 0.94ae..
0
Z

0.92

0.90
0

E" 2l.0x 106 ±2.0% psi
E22 1.39 x 10·±2.1 % psi
G12 0.694 x 106 psi
V'2 0.310± 3.7%
F,u' 326,OOO±3.5% psi
Ftu2 l1,085±9.8% psi
etul 0.0144±4.6% in/in
e'u2 0.OO773±6.7% in/in

Fig. 3. Experimental results for stiffness loss vs crack area for several crossply laminates.

Recalling eqn (13). it is seen that the effective stiffness of a laminate can be obtained
by specifying (Jrx1/0r.2' On unloading this is given by eqn (29) to be

(32)

Therefore. eqns (30) and (31) are used with laminate eqns (13) to predict the effective
stiffness of any laminate.

MODEL COMPARISON TO EXPERIMENTAL RESULTS

The model has been utilized to predict the damage-dependent reduced stiffness of
several crossply laminates. This has been accomplished by utilizing the laminate stiffness
eqns (13). in conjunction with the damage evaluation procedure described in the previous
section. The reduced stiffnesses predicted by the model have been compared to experimental
results obtained from graphite/epoxy coupons composed of Hercules AS4/3502.

The coupons were obtained from laminates fabricated from prepreg tape using a hot
press technique in the Mechanics and Materials Center at Texas A&M University. The
laminates were cured according to the procedure recommended by the prepreg tape vendor.
Quasi-static tensile tests were conducted on an Instron 1128 screw driven uniaxial testing
machine. Matrix crack damage states were evaluated by X-ray radiography and edge rep­
lication. Further details of these procedures are contained in Ref. [31]. Initial undamaged
lamina properties are given in Table 1. These properties were obtained experimentally from
[OJa. [90J8 and ± [45Ju laminates and are typical for this material system. As discussed in
the previous section, the strain energy release rate as a function ofsurface area was obtained
from [0,90, OJ, control coupons.

The experimental values of normalized axial stiffness vs matrix crack surface area per
90° ply are shown in Fig. 3. For each laminate, test coupons were quasi-statically loaded
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Fig. 4. Model vs experiment for [0, 90, OJ, laminate.
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- Model predictions
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o

Fig. 5. Model vs experiment for [0, 901 laminate.

in an incremental fashion to the matrix crack saturation damage state. At each load step,
the matrix crack damage state was documented and the axial modulus was measured by
unloading and reloading the coupon. As would be suggested by ply discount theory, the
axial stiffness loss increases with increasing number of900 plies. Also, as would be predicted
by shear lag analysis, the number ofcracks per inch at the saturation damage state decreases
with increasing 90° layer thickness.

Values of effective stiffness for each cross-ply laminate were predicted by the consti­
tutive model using eqns (30), (31), and (13) and the experimentally determined values of
matrix crack surface area. Figure 4 presents a comparison of the model predictions to the
experimental results for the [0,90, OJ, laminate. The excellent agreement between theory and
experiment for this laminate was due to the fact that this laminate was used to characterize
the strain energy release rate as a function ofmatrix crack surface area. Figures 5-7 present
the comparison between the model predictions and the experimental results for the [0,90]"
[0,90ti" and [0,903], laminates, respectively. As can be seen, the model predictions are in
close agreement with the experimental results. The results are quite encouraging given the
relatively small stiffness losses of the [0,90, OJ, and [0,90], laminates relative to the larger
losses experienced by the [0, 90ti, and [0,903], laminates.
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Fig. 7. Model vs experiment for [0, 9031. laminate.

SUMMARY AND CONCLUSIONS

A model for predicting the stiffness loss in laminated composites as a function of
microstructural damage has been proposed in this two part paper. In Part I the general
theoretical framework was constructed for elastic composites with damage. In Part II the
model has been specialized for the case of matrix cracks in crossply laminates. In .this
process the following key developments have been reported:

(I) material symmetry constraints have been imposed on the damage constant tensor
I jjk/;

(2) the damage tensor !Xij has been reduced for the case of plane stress;
(3) an approximate procedure has been proposed for obtaining the damage constant

tensor;
(4) damage dependent laminate equations have been constructed; and
(5) the internal state for any crossply layup has been found to be derivable from energy

release rates experimentally obtained from a single layup.

The model has been demonstrated to be accurate in predicting the damage-dependent
reduced stiffness of several graphite/epoxy crossply laminates with matrix cracks. While a
number of simplifying assumptions were necessary for this model demonstration, most of
these assumptions are the same as are typically made by classical lamination theory and do
not represent a restriction or limitation to the general applicability of the model. However,
the development herein is currently limited to crossply laminates with symmetric damage
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states. The authors are addressing this limitation by developing damage-dependent laminate
equations which account for the curvature produced by non-symmetric damage and the
resulting coupling between extension and bending[27}. Finally, the approach described
herein depends on the damage state being detennined experimentally. This restriction is
being addressed by developing damage growth laws which would allow the ISV, and hence
the damage state, to be predicted as a function of the loading history of the coupon or
structural component.

Current and future development of the model will deal with the following issues:

(I) application of the model to laminates with matrix cracks that are angled or curved
rather than extending straight through the 90° layer in the XI-X3 plane[24];

(2) application of the model to laminates with both matrix cracks and interply delami­
nations[27] ;

(3) application of the model to layups more complex than crossply laminates; and
(4) development of internal state variable growth laws for matrix cracking and interply

delamination.
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APPENDIX A: APPLICATION OF SYMMETRY CONSTRAINTS

The damage-dependent constitutive model (cqns (42)-(45) of Part I[IJ) is defined as follows:

(AI)

where (lij is the local stress tensor, f.k1 is the local strain tensor, (I~ is the residual stress in the absence of strain and
temperature change, CijU is the undamaged modulus tensor, it is the thermal strain tensor, «%, is the internal state
variable tcnsor, and /7j u is the damage modulus tcnsor. Furthermore, wc have dropped the subscript L (denoting
locally averaged quantities) for convenience.

For demonstration purposes. the residual stress tensor and the temperature change arc assumed to be
negligible. resulting in

(A2)

Note thaI /7j u is a fourlh-order lensor with 81 coefficients for each value of '1. It is assumed here that the
constitutive equations given by eqn (A2) are statistically homogeneous. Therefore, the conditions of stress and
strain symmetry as well as the existence of an elastic potential can be applied to eqns (A2) to obtain

(A3)

and

(A4)

It is most convenient at this point to reindex the constitutive tensors using the Voigt notation[28] where

(A5)

and

64 ;: 2623 = 2632

6S ;: 2(1) = 2£31

6. ;: 26 12 = 2621'

(A6)

Furthermore, for all values of /1

(A7)

Using the contracted notation, eqn (A2) can be written as

(A8)

where i andj range from I to 6. k ranges from I to 9, and '1 ranges from I to N, where N is the number ofdamage
modes.
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APPENDIX 8: SYMMETRY CONSTRAINTS ON THE DAMAGE MODULUS TENSOR

Consider the following component of internal energy due to cracking:

(BI)

Since the strain tensor is symmetric

(B2)

Therefore, there are 54 independent constants in the damage modulus tensor li~kJ' Expanding oul eqn (BI) thus
gives

uI = I: ",t"aL +/: I22slla~2+/: IHs"ah+/: I23s"ah

+I: 132t " ab+1: II3S,la:, + I: I3ls ll aj. +I: I12s11 a :2

+ I: I2lslla~ I+ Ib IS22a :I+ Il222s22a~2 + IhBs22al,

+ Ilms22a~, +Ilmsnaj2 + Ib ,sna:, + I b,t22al,

+Il212s22a :2 +Il22lsna~, +liJl,sBa: I +liJ22S"a~2

+ Ilm sJ3al, + I b,sBa), + 1lmsJ3al2 + 1l, I3SJ3a:,

+ liJJlsJ3all + liJl2tJ3a:2 + nJ2lsJ3a~, + IlJll s23a : I

+ IlJ22s2,a~2 + Il",s2Ja l, + IlJ2,s23a~, + Il'J2t 23al2

+Il313s23a b +IlHls2Jal, +Il312s2Ja :2 +Il'2Is23a~,

+ Il311sl3a : I + I: J22Sl3a~2 + 1: 333suaj, + I IJ23S1,ab

+I b32tl3al2 + I:, 13S1 ,al3 + I :331s13ajl + I:,I2S13a:2

+ Il321t l3ail + I:21ISl2a:1+ I:222s I2aj2 + Ilms12al3

+I b2Jtl2ai, + I:2J2S 12al2 + I:213S 12a:, + I :231tl2all

+I:212s12a:2 +I:221 S12 1X i,· (B3)

We now wish to impose orthotropic symmetry. In order to do this, first rolate 180" about the xl-axis[28].
The direction cosines for this transformation are

-; n (B4)

Therefore, since tij is a second-order tensor

it follows that

(B5)

[

s" S,2
[tk r] = t

'
2 t22

-til -tn

(B6)

Furthermore

-a;3]
-an'

ab
(B7)

Since u'l must be independent of the coordinate system

Ifl = l~'q'r's,ep'q'a.;'s'.

Substituting eqns (B6) and (87) into eqn (B8) and comparing this result to eqn (B3) will result in

IlI23 = Il132 = II", = IlIJl = li22' = Il212 -= 0

Ihl3 = Il2" -= n32' = liD2 = n'13 = liJJ' = 0

li3" = Ihn -= lilJJ = Il312 = li321 = I:JlI = 0

I:J22 = Ib33 = I:Jl2 = /1321 = /1223 -= I:2J2 = 0

/1213 = I:nl = O.

(B8)

(B9)
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Rotating 1800 about the x2-axis gives

[-I 0

~l[a,..J= ~ I

0 -I

Therefore

['"
-£,2 ,,,]

[£k"J = -£,2 £22 -£23 '

En -£23 £S3

Furthermore

[ ': -ex:2 ,I,]
[ex~.,] = -ex:, ex12 -ex:! .

exSI -ex~2 exJJ

Substituting eqns (811) and (BI2) into eqn (B8) and comparing to eqn (B3) results in

11m = 11121 = I~212 = n221 = n312 = nJ21 = 0

nJl3 =nJJl =11323 = 11332 =1:211 = 11222 = 1: 233 = o.

(810)

(811)

(812)

(BI3)

Rotating 1800 about the x ,-axis yields no additional constraints. Therefore, imposition of orthotropic symmetry
on Ij~kl reduces the number ofconstants to 15. These are

Il. 511111 1: 2 5 IlI22 n, 5 n211

n2 5 nm II3 5 Ill33 nl 5 nJII

113 5 11m n3 5 nm n2 5 n122

I~. 5 nm I~s 5 nm n6 5 Ilm
n7 5 JIm I:a 511212 I:9 5 n,21'

Therefore, the orthotropic damage modulus matrix is given by

III Il2 Ii3 0 0 0 0 0 0

n. Ih n3 0 0 0 0 0 0

[I'J = n Ih n3 0 0 0 0 0 0

0 0 0 I~. ns 0 0 0 0

0 0 0 0 0 n6 Ih 0 0

0 0 0 0 0 0 0 I~, n9
For the case where

[ex I] = [0 ex~ 0 0 ex; 0 0 ex~ OJ

eqn (BI5) reduces to

0 Ib 0 0 0 0 0 0 0

0 n2 0 0 0 0 0 0 0

[I'J =
0 n2 0 0 0 0 0 0 0

0 0 0 0 ns 0 0 0 0

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 I:a 0

(814)

(BI5)

(816)

(817)

APPENDIX C: DETERMINATION OF THE I MATRIX

At a material point in VL the stress-strain relation in the absence of temperature change is

(el)

Integrating over the local volume (excluding cracks) gives
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U;'I = ~. Jf u'! d V = J- f. . Cij"r,,, d V
L ~l-IC L 'L-~C

(C2)

where ULij is the average stress outside the damage zones. In this section this value of the stress tensor is assumed
to be ide~tical to the average stress. UL'I' which includes the average of the stress in the damage zones. Assuming
that C,I" IS spatially homogeneous In VL, the above may be written

(C3)

Using the divergence theorem on the last term gives

(C4)

Or, equivalently

(C5)

However, the Taylor series expansion has already given (for isothermal conditions).

Therefore, equating like terms in eqns (C5) and (C6) gives

(C6)

I jjk, = - Cijkl

I'Ik! = -)(C'lkI+Cijl.)

k=I

k >f. I.
(C7)

APPENDIX 0: LAMINATE EQUATIONS

The values of generalized plane strain are given by

(01)

where the superscript 0 denotes the midsurface strains and the K matrix denotes the midsurface curvatures. Under
the condition of generalized plane strain there is no warping allowed out-of-plane, which implies that K, = O.

It is now assumed that no moments or curvatures are imposed and that all laminates studied are symmetric
through the thickness (including damage). Therefore, in order to determine the resultant forces, it is necessary
only to integrate the given stress state over the laminate thickness to obtain

{

~: } = r'12

{::} dz
N, J-I/2 U,

Nxy Gxy

where I is the total thickness of the laminate.
Substituting eqns (AS) and (01) into eqn (02) for the case where there are no rotations results in

(02)

(03)

where {N} denotes the force resultants, overbars denote that these quantities are transformed to global coordinates,
and {eO} represents the mid-surface strains. Note that since transverse cracks are assumed to go completely through
the thickness of the cracked plies the stiffness and damage are assumed to be spatially constant through the
thickness of a single ply. Therefore, eqn (03) can be written as

"{N} = I ([C].(z. -Zk-i){CO} + [l'J.(z. -z._,){ci'}.)
._ I

where k specifies the ply and z. - z. _ , is the thickness of each ply. One can define

n

A 'j == I (CijMz. -Z'_I)
.~ I

and

(04)

(05)
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(06)

where Ai) represents the laminate averaged stiffness matrix and {D} is the laminate averaged damage term. Thus,
the laminate averaged constitutive equations become

{N} = [A]{EO} + {D}. (07)

Experimental testing is often conducted on uniaxial testing machines in which the applied force resultants
are input and the strains are experimentally determined output. Therefore, at times, it is more convenient to
express the strains in terms of the applied force resultants as follows:

(08)

Note also that moments will be produced even in the absence of strain if the damage state is not symmetric
through the thickness. However, for the case considered herein, it will be assumed that all damage states are
symmetric, and moments are therefore not considered.

APPENDIX E: TRANSFORMATION EQUATIONS FOR THE DAMAGE TENSOR AND THE
DAMAGE MODULUS TENSOR

Consider a coordinate rotation 0 in the laminate plane (XI-X2 plane) measured clockwise from the ply
coordinate system to the laminate coordinate system, For this case the direction cosines are

[

COS (}

[alk'] = Si~ 0

Recall that sincc ai~ is a second-order tcnsor

-sin ()

cos 0

o
(EI)

Substituting eqn (El) into eqn (E2) for ai~ given by eqn (816) gives

a:2 cos 0 sin O+a12 sin2 0
-a12 sin 0 cos O+a12 cos2 0

o
o

(E2)

{.i l
} =

ab sin 0

a:2 cos2 O+a12 sin 0 cos 0
-ai2 sin2 (}+a12 sin (} cos ()

(E3)

Furthermore, l;,.",s' is given by

Substituting the non·zero components from eqn (817) into eqn (E4) gives

APPENDIX F: DIMENSIONAL ANALYSIS OF STRAIN ENERGY RELEASE RATES

(E4)

(ES)

This appendix develops an approximate dimensional analysis of the strain energy release rate of a cross-ply
laminate containing matrix cracks in the 90° plies. The analysis does not attempt to fully address the complexity
of the cracking process. For example, the non-linear material effects, crack-tip blunting at the 0/90 interfaces, and
the relative thickness of the 0° constraint layers are not included in the simplified analysis. In spite of these
limitations, the analysis does adequately account for the influence on the strain energy release rate due to the
spacing of pre-existing matrix cracks in the 90° layers and the thickness of the 90° layers. The experimental results
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Fig. F2. Crack g¢omclry in the 9()0 layer

displayed in non-dimensional form in Fig. FI suggest that these are the two important dimensional parameters
for cross-ply laminates and all other effects are secondary.

Consider the cracked 9t}fi layer shown in Fig. F2. The total strain energy in the region surroun<ling the crack
that includes the strain energy available to be released during crack extension is given by

U'" VI\+VB (FI)

where VA is the strain energy ahead of the advancing crack, and VB is the strain energy behind the advancing
crack.

In terms of strain energy density, U", eqn (Fl) becorrn;s

(F2l

where 'Ii. is the effective length of the material from which strain enerl!;Y will be released by the advancing crack
It should be noted that we are not suggesting that strain energy is only released from a volume of material that
is a rectangular parallelepiped. This concept of an effective length is used only as a convenience, as wi!! become
evident in the following development. The effective length is a function of both the crack spacing, S, and the
thickness of the 90" layer. Therefore, 1£ can be expressed as

IE = cl (F3)

where (; is a non-dimensional function of the crack spacing and the 90" layer thickness. In addition, the strain
energy density ahead of the crack and behind the crack can be expressed as functions of the strain energy density
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in the 90° layer in the absence of cracks multiplied by some dimensionless constant that depends on the existing
m:ltrix cruck spacing and the thickness ofthc 90" layer. Wrillcn symbolically, then

(V"),, == VofA (F4)

and

(Vo)a == Vola (F5)

where Vo is the strain energy density in the 90" layer in the ahsence of cracks, and fA and III arc functions of the
\:r;ll:k spacing, .";. and thil:kncss, I. Suhstituting cllns (1'3) (1'5) into cl/n (1'2) yields

V == V lI.fA(cI 2(II'-a»)+ Vofo(ct 2a)

== Voct1lfAI<'+a(fa-!A»)'

Strain energy release rate at each crack tip is defined as follows:

I iJV
G==---

21 iJa'

Substituting eqn (F6) into eqn (F7) thus gives

(F6)

(F7)

(F8)

Notice that C,.fA and /n are all functions of the layer thickness and existing matrix crack spacing. Therefore, define
a new function / such that

I(S, I) == C(fA -/0)'

Since the function !(5, I) is a dimensionless function, it must be a function of S/I. Therefore

C(fA -/0) == I(S/l).

(F9)

(FlO)

Substituting eqn (FlO) into eqn (F8) yields the following expression for the available strain energy release rate
for matrix cracks:

G"" {t(Vo/(S/I»). (FIt)

Therefore. the available strain energy release rate due to matrix cracks in a 90° layer is linearly proportional to
the thickness of the 90° layer. The quantity in brackets in eqn (FII) is related to the properties of the composite
material system and the laminate stacking sequence. This quantity can be determined from experimental data.

If it is assumed that cracking occurs when the available strain energy release rate is equal to the critical strain
energy release rate which is constant for all matrix cracking, then

G==Gc·

Furthermore. for a linear elastic material with rigid fibers, the strain energy density is given by

(FI2)

(F13)

Substituting eqns (FI I) and (FI3) into eqn (FI2) and solving for strain results in the following expression for the
strain in the 90" layer at which matd)!; crack c)!;tension occurs:

[
Gc JII2

£22 == lE
22

!(S/I} .

Rearranging gives

4Gc
-E2 == 1(5/t).
I 22£22

Finally. the lhickness ofthc 9O"laycr is givcn by

(FI4)

(FIS)

(FI6)

where I, is the thickness of one ply and 1/ is the number of consecutive 90° plies. Substituting eqn (FI6) into eqn
(F I5) results in

4Gc [ I ]
I ,E

22
m:~2 == I(S/l). (F17)

If the influence function, /(S/l). is constant for all laminate stacking sequences, then the left-hand side of eqn
(FI5) will be a function of matrix crack surface arca only.
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The terms in parentheses on the left- and right-hand sides of eqn (F 17) are laminate specific while all other
tcrms arc constants. If thc function f(Slt) is constant for all laminates then a plot of nt~l vs tIS should be the
same for all laminates. The experimental data is plotted in Fig. Fl and as can be seen the data for all laminates
follow the same trend curve. Therefore, it can be seen that the available strain energy release rate is a function of
the 90° layer thickness and the matrix crack surface area. All other laminate parameters such as the number of
consecutive 0° plies results in second-order effects on the energy release rate.


